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FOREWORD 

T h i s  document i s  t h e  f i r s t  par t  of a three par t  f i n a l  report  

on NASA contract number NASw-709. 

sented a t  t h e  Fourth International Symposium on Rarefied Gas 

D y n a m i c s ,  Toronto, Ju ly  1964. It describes theoret ical  work under 

the above contract, which  i s  a successor t o  NASr-104 on t h e  same 

subject, namely, t h e  interaction of high energy gas par t ic les  

w i t h  sol id  surfaces. 

T h i s  pa r t  w a s  or iginal ly  pre- 

T h i s  research w a s  performed under t h e  technical supervision 

of t h e  NASA Physics ot Fluids Office, M r .  Alfred P. Gessow, Chief. 

It covers t h e  period from July 1, 1963 t o  August 9, 1964. 
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ABSTRACT 

Results from a system of calculations of t h e  three dimensional 

interactions of gas molecules w i t h  ideal  FCC surfaces are presented 

for  a wide range of input conditions. One group of these calcula- 

t ions i s  set  up according t o  a balanced s ta t i s t ica l  design, another 

deals w i t h  noble gases on a nickel surface. The model used i s  one 

previously described by Oaan, Bogan, Weiser, and L i  (1963). 

Lennard-Jones 6-12 potent ia l  i s  assumed between t h e  l a t t i ce  atoms 

and the gas par t ic les .  The model i s  applicable only when t h e  gas 

A 

par t ic le  energy i s  very much greater than t h a t  corresponding t o  

t h e  la t t ice  temperatures. Classical mechanics i s  used i n  t h e  cal- 

culations; t h e  gas par t ic les  are approximated by point masses; and 

both independent and coupled osci l la tors  are evaluated fo r  use i n  

t h e  l a t t i ce  dynamics. 

I B M  7094 computer. 

s ta t is t ical  techniques and analysis of interactions between speci- 

f i c  gas and sol id  species. 

The computations a re  carr ied out using an 

Interpretations of t h e  r e su l t s  employ both 

I n  t h i s  paper par t icular  a t tent ion i s  devoted t o  t h e  va l id i ty  

of approximating t h e  l a t t i ce  by a system of independent forced 

harmonic osc i l la tors  (i.e., an Einstein lattice). Comparison w i t h  

a l a t t i c e  model which includes coupling between atoms h a s  shown 

t h a t  t h e  independent osci l la tor  model predicts t h e  gas pa r t i c l e  

f i n a l  state w i t h  suff ic ient  accuracy fo r  most purposes, especially 

iii 



when the number of la t t ice  vibrations during a co i i i s ion  i s  

e i ther  large or  small compared t o  unity. 

Calculations of interactions of A, N e ,  and H e  on a (100) 

surface are presented for  two incident angles and four incident N i  

energies from 0.125 t o  8 ev. S t a t i s t i c a l  correlations are a l so  

presented fo r  12  different  properties of t h e  ex i t  dis t r ibut ions i n  

terms of t h e  6 independent nondimensional parameters which describe 

the incident state. 

t o r i e s  showing character is t ics  of adsorbed f i n a l  states i s  a ls  

discussed. 

S p e c i a l  behavior of cer ta in  molecular trajec- 
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I. I N T R O D U C T I U  

In a previous paper [Oman, Bogan, Weiser, and Li (1963)l a 

theoretical model and some sample results for a calculation of 

gas molecule interactions with crystal surfaces was presented. 

We have since investigated the effects of one of the most im- 

portant assumptions in that model, namely independent lattice 

atoms, and used the model to make a comprehensive study by cal- 

culating a very large number of molecular trajectories covering 

a wide range of incident conditions. 

recent investigations and presents the results in terms of mean 

interaction parameters and other statistical properties of the 

molecular distribution. 

gases on Ni surfaces to show energy and geometry dependence 

for specific species. 

This paper discusses these 

Results are also given for several rare 

Our theoreticai model is set up with the specific applica- 

We have sacrificed a de- tion of hypervelocity flight in mind. 

tailed knowledge of the lattice processes after the interval 

during which they can affect the gas particle and have ignored 

the initial thermal motions in the lattice. These simplifica- 

tions have made possible a more general and complete three dimen- 

sional description of the histories of the gas particles, includ- 

ing collisions which are arbitrarily oriented relative to the 

surface atoms. 

1 
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There are several recent examples of theoretical methods 

which attack these problems from different viewpoints. Cabrera 

(1959), Zwanzig (1960), and &Carroll and Ehrlich (1963) employ 

lattice models consisting of one dimensional chains of atoms 

with linear restoring forces. 

lar force laws to show the effects of dispersion forces and 

lattice dynamics in transmitting energy to the lattice and in 

trapping the incident gas particles. Goodman (1962, 1963) has 

worked with one, two, and three dimensional lattice models and 

has concluded that the three dimensional case is qualitatively 

very different from the others. 

between the gas particle and a single surface atom. 

on collisions at normal incidence are accounted for. 

perturbation method, he has been able to solve the lattice dy- 

namics for the realistic case of coupled oscillators. 

They use different intermolecu- 

He considers a Morse potential 

mly head- 

Using a 

All of the above authors ignore thermal motions in the lat- 

tice before impact. 

energy accommodation coefficient, making no attempt to predict 

momentum accommodation. These theories all use classical mechan- 

ics, an assumption which seems reasonable for incident energies 

above 0.1 ev with most gases (we discussed this point in our 

first paper) and enables one to employ a much more detailed 

physical model. Earlier quantum-mechanical treatments [cf . Dev- 
onshire (1937) ] were forced by difficult mathematics to simplify 

the problem more drastically. 

They also limit their consideration to the 

2 



A recent work which takes a different approach is tha t  of 

Marsh (1963). 

the l a t t i c e  dominate the interaction and re la tes  the energy ex- 

change t o  the time spent i n  residence on the surface. In h is  

treatment the incident energy i s  not large compared t o  e i ther  

the adsorption or l a t t i c e  thermal energies ( i . e . ,  a colder gas 

on a hotter surface). 

of  accommodation of the internal  degrees of freedom of the gas 

molecule which may prove t o  be adaptable t o  other cases as well. 

Several po in t s  of agreement among these papers and our own 

He t r ea t s  the case i n  which thermal motions of 

He also presents a model for  the treatment 

work can be seen i n  the qualitative descriptions of the interac- 

t i o n  processes. 

indicate those authors that have i n  one way o r  another advanced 

similar arguments or results.  

our f i r s t  paper and are  reinforced by the present resu i t s .  

Three dimensional l a t t i c e s  are  fundamentally 

We w i l l  s ta te  the more important of these and 

These points were mentioned i n  

1. 

different from one o r  two dimensional ones. 

For example, alD+ 1 while u3D-+ 0 as 

w T 0 0 .  (Goodman; McCarroll and Ehrlich t o  

some extent.) 

The repulsive portion of the interaction poten- 

t i a l  i s  usually much more important t o  the energy 

exchange than the a t t r ac t ive  portion. 

t ive  por t ion  plays an important r o l e  i n  trapping 

n c  

2 .  

The at t rac-  
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3 .  

4. 

Many of 

(which can itself produce high energy exchange) 

and in "guiding" the gas particle to a preferen- 

tial site on the surface, but in most cases it 

is the maxim value of the interaction force 

that determines the energy exchange. 

McCarro11 and Ehrlich.) 

One or two surface atoms play a predominant role 

in the energy exchange process. 

seen from the steepness of the repulsive potential 

and from item 2 above. 

Head-on impacts with a surface atom will be rela- 

tively infrequent and often quite different from 

the more c o m n  glancing collisions, but analysis 

of the former can be helpful in characterizing 

the types of behavior to expect. 

McCarroll and Ehrlich.) 

(Goodman; 

This can also be 

(Goodman.) 

(Goodman; 

the foregoing conclusions support the idealizations 

which were employed in our first paper for the formulation of 

similarity variables to be used in the correlation of energy ac- 

cormnodation coefficients. 

in the present paper, we have continued along those lines as well. 

We feel that further work is required before the scatter in these 

correlations can be reduced to a level which justifies the labor 

involved in their use. 

Although we do not discuss that approach 

4 
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In dealing with gas-surface interactions on a molecular 

scale the formulation of a theoretical model and the carrying 

out of calculations for a small number of typical cases is 

only the beginning. There are a formidable number of possi- 

bilities represented in any model which attempts to present a 

moderately realistic picture of a three dimensional interaction. 

Even making use of nondimensional groups to reduce the number 

of variables, our model requires six independent variables in 

addition to the specification of the lattice type and surface 

plane [e.g., (100) face of a FCC lattice]. Most of these 

parameters can vary continuously over wide ranges within the 

regions of interest, and each of them can have a strong effect 

on the results. 

clude surface roughness, adsorbed gases or other impurities, 

effects of internal degrees of Zreedm, electronic iriteractlons, 

sputtering, or chemical effects. Numerical calculations of the 

Furthermore, we have made no attempts to in- 

type we are dealing with here usually cannot be performed each 

time information about specific situations is required. It is 

therefore very important to devote a corresponding effort to 

the systematic correlation and interpretation of the results. 

Two different approaches to the over-all problem will be shown; 

these are statistical design and data analysis, and the treatment 

5 



of specific gas and sol id  species. F i r s t ,  however, we shall  

review the calculation method and show the resu l t s  of an in- 

vestigation of the effects  of  energy propagation within the 

l a t t i c e  during the interaction. 
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11. THEORETICAL MODEL, 

We have chosen a classical model employing the Lennard- 

Jones 6-12 potential (see Fig. 1) to represent the molecule- 

surface interaction. 

potential sources, each bound to its original position by a 

linear restoring force, and each interacting only with the gas 

particle. 

solid surface is then formulated in a manner such that its solu- 

tion is amenable to high speed computer techniques. 

We approximate the solid by a lattice of 

The collision of an incident gas particle with a 

The form of model for the interaction forces between the 

gas particle and the solid depends upon the distance between 

the particle and the solid surface. 

a large distance from the lattice, greater than 5 lattice spac- 

ings, we use a closed form expression for the effect of the L-J 

When the gas particle is 

potential from a semi-infinite continu-um solid on a gas particle 

trajectory originating at infinity to account for the van der 

Waals (r-3) attraction of the gas particle to the surface. 

For intermediate distances from the surface, 2 . 5  to 5 

lattice spacings, we calculate the force on gas particle by 

a composite potential and assume that the lattice atoms do not 

move. 

tiai (essentially van der Waals) and the L-J 6-12 potential 

from all the atoms in the lattice block minus a "pseudo-continuum" 

potential from the lattice block. 

The composite potential is the sum of a continuum poten- 

The "pseudo-continuum" poten- 

7 



tial is the contribution of the solid in the lattice block to 

the van der Waals potential. 

represents the potential from a semi-infinite continuum from 

which a block has been removed and filled with a discrete lat- 

tice of atoms (see Fig. 2) .  

the surface, closer than 2.5 lattice spacings, we consider 

the gas particle to interact only with each of the nearby atoms 

in the lattice via the L-J potential. 

Thus, the composite potential 

When the gas particle is very near 

In the last two regimes we integrate the classical equa- 

tions of motion of the gas particle numerically using the Runge- 

Kutta procedure. 

the particle trajectory integration we calculate a new location 

for each lattice atom assuming the atom is bound to a fixed site 

by a linear restoring force and also under the influence of the 

L-J potential. We approximate the time-dependent L-J force by 

the first two terms in a Taylor series in time and insert this 

force into a 

dimensional harmonic oscillator under the influence of a linear 

(in time) external force. 

almost always larger than the mass of the gas particles under 

consideration, the acceleration of the lattice particles will 

be smaller than the acceleration of the gas particle. 

trol of the time increment in the Runge-ktta integration pro- 

cedure which assures uniform accuracy for the calculation of 

In the closest region, at each time step of 

closed form solution for the motion of a three 

Since the mass of the lattice atom is 

The con- 
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position on the gas trajectory also assures us that the time 

increment is small enough for this approximation to be valid. 

It is, of course, the motion of the lattice atoms which makes 

the potential field experienced by the gas particle nonconsenra- 

tive and is in this model the only source of energy transfer to 

the lattice. 

One of the parameters governing the interaction is the 

exact point on the crystal surface structure where the gas 

particle interacts most strongly. The effect of this point of 

impact on the gas trajectory is, large, but no particular point 

of impact corresponds to a definite physical condition in an 

actual molecular stream. Therefore, we have chosen to calculate 

average interaction parameters which represent the results of 

many trajectories for the same physical conditions (e.g., species 

of atom, angle =f ixcideme, and emrgy). 

of impact by distributing the aiming point uniformly over a 

repetitive area on the crystal surface and averaging the results 

for each physical state. 

We choose o*a points 

Our calculations are performed on an I B M  7094 computer. A 

schematic diagram of the computer logic is shown in Fig. 3.  A 

typical single molecular trajectory requires about 1 minute of 

calculation time. We have chosen cur lattice to be originally 

at rest. Hence, each calculation is completely deterministic 

9 
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and the r a t i o  EQ/Ei, where EQ i s  the energy of the l a t t i c e  

a t  the end of the calculation and 

the gas par t ic le ,  corresponds to  the thermal accommodation 

Ei i s  the i n i t i a l  energy of 

coefficient.  

the conservation of energy and we f ind that  most runs have d is -  

crepancies of less  than 2 per cent. 

A check on the accuracy i s  always available i n  

111. COMPARISON OF TWO LATTICE MODELS 

One of the most questionable of our assumptions i s  the 

Since each l a t t i c e  atom i s  model for  the l a t t i c e  dynamics. 

assumed to  be bound t o  a fixed site, the propagation of energy 

by l a t t i c e  waves i s  precluded. 

va l id i ty  of t h i s  model, which we c a l l  the independent osci l la-  

t o r  l a t t i c e  (IOL), i s  one of the major goals of t h i s  paper. 

The assessment of the limits of 

In order to  evaluate the IOL approximation we have se t  up 

a second l a t t i c e  model which we c a l l  the coupled osc i l la tor  

l a t t i c e  (COL). In the COL, each l a t t i c e  atom is  bound by a 

l inear  restoring force t o  the center of gravity of the loca- 

t ion  of i t s  nearest neighbors a t  the end of the previous t i m e  

interval .  This method a l l o w s  for  the propagation of l a t t i c e  

waves but, unfortunately, requires about 10 times as  much com- 

puter t i m e  as the IOL t o  ge t  acceptably accurate solutions. 

W e  have calculated individual trajectories i n  pairs that  

have corresponding i n i t i a l  conditions for  comparison of the IOL 

and the COL. The values of the independent variables for  these 

10 
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comparisons were chosen from a balanced fractional design, the 

purpose of which i s  t o  cover a l l  parts of the independent varia- 

ble  space uniformly and eff ic ient ly  with a small number of t e s t s .  

A few additional runs were added t o  these cases t o  display the 

effects  of extreme values of cer ta in  independent variables. 

F i g .  4 (a-d) we have shown the r e su l t s  of these comparisons i n  

the form of differences between the various interaction parame- 

t e r s  for  corresponding cases. There i s  no correlation t o  these 

poin ts ,  nor should one be expected, a s  they represent varying 

values of six different independent variables. 

the p l o t  i s  ( 1 3 ~ 7 ~ '  the product of the natural  frequency of the 

l a t t i c e  and an estimated collision duration which i s  calculated 

from the independent variables. 

m o s t  important factor i n  controlling the va l id i ty  of the IOL 

approximation. A f o m i a  f o r  approximating 03 T i s  derived 

in  our f i r s t  paper by considering an equivalent frequency uC 

In 

The abcissa of 

This timing parameter i s  the 

n c  

f o r  the interaction force. This expression becomes: 

-3 

0 s in  8 
C -1 P i 

- =  w n c  ' = 2 R(a/d) n 

1 
2' - \ +  

\. 
2 \ 

\l+ W 
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where 

fl= 

One might expect that the 

cu p. 
n vi 

IOL approximation would break down 

as w T became large. In one sense this does occur, because 

the energy transmitted to the COL can amount to two or three 

times Ej for the IOL. However, it is also true that ER/Ei 

n c  

approaches zero quite rapidly as cun~c gets large, and the dif- 

ference in Ej between models also vanishes when compared to 

the total energy of the system (Ei). The largest differences 

in final gas-particle energy occur for 1 < w T < 10, which n c  
is to be expected from the above discussion. 

runs, having a value of nondimensional binding energy (D = e/Ei) 

larger than those employed in our other work, has a significantly 

larger difference in energy than the rest of the trials. 

A single pair of 

W 

The comparisons of momentum accommodation (Fig. 4, b and c )  

show a moderate effect of the difference in lattice model, but 

practically all of this effect can be attributed to the change 

in exit velocity which is in turn related to the change in energy 

accommodation. Figure 4d shows this by a display of the changes 

in exit angles for corresponding cases. These are only a few 

degrees and can probably be ignored for most purposes. 

12 



This partial agreement between the two lattice models means 

that the IOL is a useful t o o l  for many purposes, even for values 

of wn~c much larger than unity. For calculations in which the 

effect of the surface interaction on the flow is the quantity of 

interest, the IOL model is adequate throughout the dynamic range. 

If the energy delivered $0 the surface per molecular impact is 

desired, the IOL will overestimate El significantly if 

w T > 5. Since this corresponds to low Ea/Ei, we have con- 

cluded that there is no advantage in employing the COL with our 

type of calculation. 

represent 1 per cent of 

pendable numbers for EQ/E 

We have therefore employed the IOL for all of the calculations 

discussed in the remainder of this paper. 

n c  

The numerical uncertainties will often 

Ei, 

i 

so we can never give very de- 

when it is itself of that order. 

IV. STATISTICAL ANALYSIS 

We have applied the methods of statistics to the design and 
* analysis of our computer runs. Very briefly, the basic scheme 

of such methods is to distribute a relatively small number of 

trials over the very many possible combinations of independent 

(input) variables in a uniform, balanced fashion. 

puter run several input variables are simultaneously changed 

according to a prescribed plan; we deliberately avoid "varying 

one thing at a time." 

In each com- 

The results of the calculations are then 
* 

See, f o r  example Fisher (1953) or Davies (1956) f o r  more information on 
these techniques. 
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subjected t o  variance and regression analyses, from which a large 

number of s t a t i s t i c a l  properties and coefficients can be extracted. 

Only the most important of these are  given i n  t h i s  paper. 

The design i s  balanced so that we can e f f ic ien t ly  and accur- 

a te ly  estimate the separate and combined ef fec ts  of the s ix  input 

variables f o r  each dependent variable [cf.  Davies (1956) 3 .  We 

selected a pattern of 64 t r i a l s  (out of a possible 512) designed 

t o  give equal weight t o  high, intermediate, and low values of 

each of theindependentvariables. Furthermore, t h i s  plan has 

the valuable feature that  it i s  also balanced for  the f i r s t  16 

o r  32 runs. This feature allowed a small-scale t r i a l  of the 

method with the option of either stopping o r  expanding. 

stopping point there i s  enough information t o  perform ef f ic ien t  

s t a t i s t i c a l  analyses. 

A t  each 

we have chosen t o  distribute our t r ia l s  over four levels 

and Oi. Two levels were 2 of three input parameters 

used for  each of the remaining parameters, a/d, mj/mg and 

'i 

the ranges of in te res t  i n  hypervelocity f l i g h t .  

the experimental region, the reference point for  correlation 

coefficients,  i s  a lso given in  Table I. Logarithmic values are 

used i n  the correlations f o r  m4/mg, Dw, and i2 . 

fl , Dw, 

. Table I gives these levels, which were chosen to  represent 

The center of 

2 



The thermal accomodation coefficient is given by Ea/Ei 
in our model and is calculated from the gas particle final energy 

by 

taken over the 18 individual trajectories that represent a given 

Ea/Ei = 1 - Ef/Ei. The standard deviations and means are 

incident state. The standard deviation is very closely related 

to the temperatue of the exit distribution for the case of exit 

energy, and is a measure of the width of the exit distribution. 

We have presented two of the many possible types of corre- 

lation from our statistical analyses. We selected these on the 

basis of their usefulness. The first type is a "best fitting" 

estimation equation for each of the dependent variables of in- 

terest. This equation consists of a superposition of 'Least 

square linear trends for each of the independent variables, with 

quadratic correction terms added when a sufficient number of 

test levels xas mailable to allow their calculation. T1ni.s equa- 

tion can be expressed in the following form: 

6 3 

j =1 j=1 

where 
ctk 

is a generalized property of the distribution of exit 
- - 

the Akj molecular states, ak its mean over all of the trials, 

linear regression coefficient, B the quadratic term coeffi- 

cient. In Eq. (2) x denotes a particular input variable (or 
kj 

j 

15 



its natural logarithm) and 

of the center of the experimental region. 

[ A ]  and [B] for the means and standard deviations of several 

interaction parameters are presented in Table 11. Significance 

levels from the variance analysis are also indicated for each 

of the coefficients in Table 11 by a three-level code (blank, 

value, value and asterisk representing respectively 

90-99%, and 99.9% significance level) 

measure how well the indicated correlations fit the data. 

is the corresponding coordinate d 
Values of coefficients 

< 90%, 
These significance levels 

In addition to the formal calculation of statistical signifi- 

cance, there is available t o  us in this instance a simple over-all 

test of these correlations. We have compared the values for in= 

teraction parameters predicted by the correlation of Table 11 to 

the actual cases calculated in the computer (fromwhich the fits 

were originally calculated). 

are the best simple measure of the l'noise'l in our statistical 

correlations. For Ea/Ei t h i s  standard error of estimation (i.e., 

the standard deviation of the discrepancy Over the computed results 

for 64 runs), was 0.109, compared to a mean Ea/Ei of 0.4.662. 

For oz the standard error was 0.187 on a mean of 1.7858, and 

for oT it was 0.188 on a mean of 0.6115. We also tested the 

same correlation with the 19 runs using specific species (in which 

many of the input ranges were extrapolated, particularly the mass 

ratio). 

We feel the resulting discrepancies 

These test cases are independent of those which generated 

16 



the correlation. The corresponding numbers for those cases were 

0.082/0.5235, 0.254/1.5995, and 0.234/0 -4639;  for E@i, bzj 

and aT, respectively. Far these comparisons Ei/Ei was set 

equal to zero or unity in the rare cases when these limits were 

exceeded. A comparison of predicted [i.e., from Table 11 and 

Eq. (2) ] and calculated values of are shown in Fig. 5. 

The runs shown include the basic 64 in addition to the 19 runs 

described in the following discussion. 

Ej/Ei 

The second type of correlation is an expression of the 

mutual dependence of different properties of independent molecu- 

lar trajectories within a given run. 

this instance relating the amount of energy exchange to the direc- 

tion of the exit ray. An examination of significance levels for 

many different types of these (i .e., output vs. output) correla- 

tions indicates that the most significant relationship is between 

Ef 
the specular ray, @. (This useful angle and its standard devia- 

tion have been calculated for each computer run, and their corre- 

lations are given in Table 11.) As expected, and noted from pre- 

liminary indications in our first paper, there is a strong (but 

noisy) correlation, such that Ef decreases as the gas particle 

is scattered further from the specular direction. 

lation coefficients naturally vary widely for different input 

states within our 64 runs, but the mean trend is 

Ei /degree. 

In particular, we are in 

and the absolute magnitude of the polar angle measured f r o m  

These 64 corre- 

-0.0030 
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V. DISCUSSION OF RESULTS 

The general characteristics of typical molecular trajec- 

tories calculated for the IOL model were discussed in our first 

paper. 

special behavior, and indicate those trends which we have thus 

far detected in the data. There are two basic groups of runs: 

the statistically planned design described in Section IV, in 

which dynamic parameters are independently varied; and sets of 

specific-species interactions in which the relationships between 

some of the parameters are prescribed by the physical properties 

of the substances involved. 

with inert gases on a nickel surface. 

that the major trends indicated by the different approaches are 

in quite good agreement. 

In this paper we discuss a few situations which have 

In the latter case we have dealt 

It is encouraging to note 

A *  zuumG 
There are several conditions for which our computer program 

is unable to provide a final exit velocity vector for the gas 

molecule. 

number of calculation intervals, resulting in a build-up of total 

error in the calculations to the point where we consider them 

They usually arise from the demand for an excessive 
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meaningless and/or excessively expensive, and the calculation i s  

stopped. Other direct causes of stopping the calculation a re  

excessive error indicated by the lack of energy conservation, 

penetration of the l a t t i c e ,  and "s ta l l ing" due to  repeatedly re -  

duced time increments demanded by the error  control i n  the program. 

We often observe several "bounces" from the surface region, 

each resul t ing i n  a decrease i n  par t ic le  energy. 

period of calculation i s  due primarily t o  the fa i lure  of the gas 

par t ic le  t o  move away from the surface, we c a l l  the s t a t e  "trapped." 

Usually th i s  trapping i s  due t o  a substantial  energy loss t o  the 

l a t t i c e  i n  the i n i t i a l  impact, although the particle may s t i l l  

re ta in  enough to t a l  energy t o  give it the ultimate capability t o  

climb out of the surface energy w e l l .  

approach t o  a surface atom additional energy is  lo s t ,  and the pos- 

sibility ~f the gas par t ic le  escaping before coming t o  equilibrium 

with the surface is further reduced. 

If the extended 

With each successive close 

We feel  t h i s  trapping is a good indication of a state which 

would be temporarily absorbed i n  a real interaction and would 

therefore be to t a l ly  accommodated t o  the actual surface state. 

therefore assign t o  t h i s  molecule values of the output parameters 

corresponding to  complete accommodation, and include it as such i n  

the averaging for that s ta te .  

on the p l o t s  when applicable. 

We 

The f rac t ion  trapped is indicated 
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The other causes of Stopping are naich less frequent in our 

results. Stalling appears to have been completely eliminated 

by introducing a subroutine which backtracks and recalculates 

the earlier part of the trajectory with improved accuracy when 

a stall is encountered. In any event, the difficulty of per- 

forming the calculation as measured by the required number of 

calculation steps is strongly related to the strength of the 

interaction forces, which in turn are related to the degree of 

accommodation. 

of trapped or uncalculatable trajectories usually indicate a 

high (i.e., > 0 . 6 )  energy accomodation for the remainder of 

the trajectories. 

Those states which display a significant number 

B. 

We are prevented by lack of space from listhg the actual 

pE SULTS OF THE STATISTICAL ANALY s IS 

results from each of the 64 runs from our statistical design. 

These have been tabulated by Bogan (1964). 

tions given in Table I1 should be uuch more useful for most 

purposes. 

the results that should be noted. 

The correla- 

There are, in addition, a few general properties of 

Perhaps the most hopeful indication in the data is that the 

azimuth angle 

This suggests 

tal structure 

(pi 
is quite unimportant in the cases tested. 

that minor changes in type or orientation of crys- 

will probably also be unimportant, except as char- 

20 



acterized by changes in spacing. 

to the experimenter, who faces the problem of controlled or 

preferential orientation of crystallographic planes. 

It is also of some interest 

A second strong indication is the importance of old on 

the standard deviation of Ea/Ei and on the level of oT and 

?,b. We can view a/d as a measure of the roughness of the L-J 

potential surface, and as such it plays an important role in 

all scattering processes. 

We find, as expected, that ER/Ei depends strongly 0.n 
2 m /m R , and Dw. There is also an important effect of Oi, 

with a more glancing impact producing a smaller energy accoI1I[ILo- 

dation. 

4 g' 

It is interesting to note that our balanced design appears 

to be reasonably well centered over the region in which large 

changes are taking place. Tne averages of ER/Ei arid the other 

parameters are all quite near the midpoints of their respective 

ranges. 

nificant magnitudes, even for our "cold" lattice, averaging out 

to about 25 per cent of the means of the parameters themselves 

('sT 

contribution). 

The standard deviations of these properties have sig- 

is an exception due to a fair amount of back scattering 

C. RESULTS OF SPECIFIC INTERACTIONS 

In the group of calculations in which the gas and solid 

species are fixed, the number of independent input parameters is 

21 



reduced t o  3 ;  E a and (pi. We have chosen N i  a s  a solid 

and A,  Ne, and He as gas species. Since our other work has 

i' i' 

indicated that cpi i s  relatively unimportant, we have chosen 

vi = 15", a condition without any particular symmetry, f o r  a l l  

of these runs. The values f o r  the physical constants for  these 

interactions were taken from (or extrapolated from) those used 

by Goodman (1963), and are shown i n  Table 111. 

The mean resu l t s  of 19  incident s ta tes ,  each represented by 

18 t ra jector ies ,  are shown i n  Figs. 6 and 7 .  Additional parame- 

t e r s  and standard deviations are shown i n  Table IV. One can 

easi ly  see the strong effects of mass r a t i o  on energy accommoda- 

t ion,  and (indirectly) on momentum exchange. The momentum coeffi- 

cients depend more strongly on the ex i t  energy than on any other 

e f fec t  present, suggesting that the spat ia l  distributions of 

t ra jec tor ies  are re la t ive ly  unchanged. The angles given i n  Table IV 

also indicate th i s  characterist ic.  

It i s  important t o  note i n  interpreting these r e su l t s  that  the 

net effect  of incident energy i s  the r e su l t  of two conflicting 

trends. The natural frequency parameter O2 and the binding 

energy parameter Dw both decrease as Ei increases. From 

Table 11 we see a2 has a negative influence and Dw has a pos- 

i t i v e  influence on E ~ / E ~ .  These counteracting effects  apparently 

combine t o  produce a minimum i n  Such a minimum has also 

been indicated by the theory of Goodman (1963), although a t  mch 

Ej/Ei. 

lower values of Ei. 
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VI. CONCLUSIONS 

The results discussed above are of course limited by the 

assumptions in our model. There are many other effects that can 

enter the problem, and there is a corresponding need for other 

approaches, both theoretical and experimental. We expect to im- 

prove our  model by including additional effects such as surface 

contaminants and roughness and to improve the present statistical 

and parametric analyses. From the present results, we feel the 

following conclusions are justified: 

1. The use of independent lattice atoms (Einstein 

lattice) gives a reasonable approximation to 

the final gas particle energy throughout the 
dynamic range. Maximum errors are of the order 

of 10 per cent, occurring around unzC = 5. 

Lney diminish to negligible values at both 

large and small values of 

The statistical prediction equations presented 

in Table 11 should be useful for many purposes. 

The predicted values show good agreement with 

the results of the specific-species interac- 

rm- - 

L U ~ Z ~ .  

2 .  

tions which often represent a considerable ex- 

trapolation of the original regions (especially 

in mass ratio). These correlations furnish 
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3 .  

4. 

numerical predictions of many parameters of the 

exit distributions in terms of the input parame- 

ters and are relatively easy to use. 

in the predictions is quite low in terms of the 

present state of knowledge. 

The statistical design appears to be quite satis- 

factory for our purposes. 

cover atmospheric gas species on engineering 

materials at hypervelocity conditions, the de- 

sign has also turned out to be quite well cen- 

tered over the region in which significant 

changes take place. 

The two approaches discussed in this paper show 

trends whose direction and importance are ex- 

piainable by pnysical reasoning. 

energy accomdation with mass ratio, binding 

energy and lattice natural frequency all show 

the kind of behavior that one would expect from 

the response of a mass-spring oscillator to the 

forces of a passing particle. Momentum coeffi- 

cients show the expected effects of energy ex- 

change and an additional dependence on the 

smoothness of the potential surface. 

The scatter 

Originally set up to 

The trends in 
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LIST OF SYMBOLS 

I 
8 
I 
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I 
8 
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COL 

d 

D W 

E 

IOL 

m 

r 

X 
j 

v 
a k 

%, (3D) 

€ 

e 

(5 

(5 T 

(5 
2 

j On ak l inear  effect  of x 

j On ak 
quadratic effect  of x 

coupled oscil lator l a t t i c e  

uni t  of length (= 3 l a t t i c e  spacing) 

dimensionless potential depth (= €/Ei) 

energy 

independent osci l la tor  l a t t i c e  

mass 

distance between par t ic le  and surface 

independent variable 

velocity 

dependent variable 

thermal acconnnodation coefficient for  a 

one dimensional (three dimensional) l a t t i c e  model 

depth of Lennard-Jones 6-12 potential  

angle betweenvelocity vector and normal t o  surface 

range parameter of Lennard-Jones 6-12 potential  

tangential momentum accommodation coefficient 

normal momentum accommodation coefficient 
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T 
C 

0, 

s-2 

duration of a collision [Eq. (1) 1 

azimuthal angle of velocity 

angle between final ray and specular direction 

frequency 

(= an tl dimensionless frequency parameter 

SubscriDts 

C collision 

f final state after interaction 

g 

i 

R 

n 

gas 

initial state 

lattice (or solid) 

natural frequency of lattice 

SDecial Notation 

- 
F 

standard deviation of % for 18 trajectories 

mean of F over 64 x 18 trajectories 
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Test Level 

1 

2 

3 

4 

TABLE 

VALUES OF INPUT VARIAB LES 

n2 
W 
D i: i " d m g  'i 

0.1 .001 120" 2.00 1.25 15" 

1.00 .004 135" 4.00 1.50 30" 

10.0 .016 150" 

100.0 .064 165" 

Center 

Study Region 
Of 3.162 .008 142.5' 0' 1.375 22.5" 
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U u L U  

CORRELATION COEFFICTENTS FOR MEAN S AND STANDARD DEVIATIONS OF INTERACT1 ON PARAME- 

J. I 

Grand 
Mean 

.4662 

.1136 

1.7858 

.4099 

.6115 

.7298 

.6230 

.2325 

34.16' 

69.77' 

36.09' 

16.76' I -- 

Linear Quad 

- .0764* - .0189* 

-.0074t -.0030* 

.0341* .0055 

-.0086' 

.0573 

.0036* 

2.007* 

.7233 

,3013 

- . O O I S t  

.0099 

.0134 

Linear Quad 

.OS%* .0394* 

.0016 .0087 

- .1162* - .0547* 

.0208* .0121 

,0088 .0487* 

- .0222 - .0081 

-.0576* -.0174* 

.0260 

-1.963 

-4.5820" 

.7368 .a043 

NOTES: 1. Correlation format given in Eq. (2) 1 
U 

I 
e 

- 
*i - O i  

Linear Quad 

.0039* 

- .OOOl 

- .0057* 

.0068* 

.0205* 

.0047 

.2383 

1.7504* - .0264* 

.4205* - .0155* 

.1322 -.0060 

+ 
2 .  Significance leve ls :  0 - 90% - or .xxxx' 

90 - 997. .xxxx 

> 99% .xxxx * 

ma'% Yrn-3 
Linear 

- .2259 

.0365' 

.1678 

,0961 

- .O54lt 

. 3073t 

- a@ 
Linear 

- ,1671 

t - .1825 

- .2875 

-. 7288* 

- . 3461t 

-83.96 

-33.12" 

-23.24 

- 
'i - 

Linear 
--- 

.8664* 

- .1157 
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TABLE IIZ 

ASSUMED L-J  6 - 1 2  INTERACTION PARAMETERS FOR (100) NICKEL SURFACE 

Gas S p e c i e s  

Argon 

Neon 

Helium 

. 0 7 2 2  

.0173 

.00563 

3 .33  

3 .01  

2.86 

mg 

39.94 

20.18 

4 . 0  

Nickel Data: 

d = 1 . 7 6 A o  (lattice half-spacing) 

c D =  ,422 x rad/sec 

mj = 58.69 AMU 

n 
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0 ,  = 135" 

Argon 0.125 ev 
0.5 
2.0 
4.0 
8 .O 

Neon 0.125 
0.5 
2 .o 
8 .O 

Helium 0.125 
0.5 
2.0 
8 .O 

S1 = 165" 
~~ 

Argon 0 . 5  ev 
2 .o 

Neon 0.5 
2 .o 

Helium 0.5 
2 .o 

(see also Figs. 6 and 7) 

These runs are almost completely trapped. 

.6 564 

.5702 

.5446 

.4196 

.3953 

.4022 

.1315 
,1132 
.1170 
.1292 

.lo03 

.0920 

.1968 

.1232 

.lo77 

.lo66 

.0484 

.0398 

.0401 

.0460 

1.3077 
1.5815 
1.5775 
1.7247 
1.8913 
1.9667 
1.8727 
2.0121 
2.0516 
2.0695 

.4183 

.2097 

.4981 

.3993 

.2544 

.24% 

.09149 

.2787 

.2802 
,2518 

.2101 

.1829 
,2712 
.1936 
.2179 
.2898 
.2230 
.2590 
.3434 
.4765 

.1216 

.0999 

.3794 

.2598 

.2292 

.0259 

.4093 

.36 74 

.4012 

.4965 

.2176 

.4112 

.4084 

.5124 

.6303 

.6836 

.6171 

.7156 

.7436 

.7563 

Almost completely trapped. 

.6395 .lo67 1.6925 .3176 .2506 .9786 .6689 

.6066 .0931 1.8316 .1380 .3346 .8912 .8033 

.1764 .0378 1.8367 .1228 .3785 1.3636 .8082 

.1736 .0335 1.8234 .1332 ,5378 1.4355 ,7953 
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16.25 
15.93 
21.85 
18 .OO 
18.28 
20.76 
22.34 
23.70 
31.98 
20.37 

22.29 
23.55 
45.22 
49.50 



Fig. 1 Lennard-Jones 6-12 Potential 

Atoms Shown For 
FCC Structure 
w=9. D = 2  

Block Imbedded 
in Semi- Q) 

Structure 

Fig. 2 Coordinate System and Lattice Atom Configuration for 

Trajectory Calculations 
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Select Tentative Time 
Increment and Solve 
For Particle Motion 

Given Initial 
Conditions 
For  Beam 
of Particles 

Predict New 
Lat t i c e- At om - 

Calculate New State 
of Complete Systems 

I I 

output 
Crr!cu!&e Fin.! State 
of Lattice and Gas 
Particle 

1 Select Next Gas 
Particle and 
Return Lattice I t o  Initial State 

Calculate Means and 
Standard Deviations -7 of Interaction Parameters  

Final Output 

F ig .  3 Schematic D i a g r a m  of C o m p u t e r  P r o g r a m  Logic 
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a - Energy Accommodation 

E - E  
'cor: fIoL 

Ei 
AE = 

Average Truncation and 

Fractional Computation - 
t Energy 

Difference, A E  
I 0 I b -  - e 

D,' 0 .05 

t 
1 I 1 
1 10 100 -0.10 ' 

.1 
" nfc 

Fig. 4a Comparison Between Coupled-Oscillator and Independent- 

Oscillator Lattice Models 
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F i g .  4b Comparison Between Coupled-Oscillator and Independent- 

Oscillator Lattice Models 
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Fig. 4c Comparison Between Coupled-Oscillator and Independent- 

Oscil lator Lattice MDdels 

36 



1 
1 
I 
I 
1 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 

4 

2 

Change in 
Angle, degrees o 

-2  

-4 

e e 
e 

e J 
4 

.e 
me' - 

I .'' e 
11 e -  I 

e 4 

Fig. 4d Comparison Between Coupled-Oscillator and Independent- 

Oscillator Lattice Models 
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Statistical Design 
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Fig. 5 Comparison of Calculated Energy Accommodation with 

Statistical Correlation 
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Numbers in Parentheses Indicate 

Flagged Points - 0 .  = 165' 

Unflagged Points - 0 = 135' 

Fraction Trapped. 

1 

i 
1.2 

0.8 
Thermal 
Accomrnodati on 
Coefficient - 

Ea /Ei 0 . 4  

0 
0.1 1.0 10.0 

Incident Energy, Ei(ev) 

Fig. 6 Mean Thermal Accommodation f o r  I n e r t  Gases on N i c k e l  
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Fig. 7 Mean Momentum Accommodation foq In=rt Gases on Nickel 
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